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RENORMALIZATION GROUP CALCULATION APPLIED TO THE 
NEMATIC-ISOTROPIC PHASE TRANSITION 

R. G. PRIEST 
Naval Research Laboratory 
Washington, D. C .  20375 

(Submitted for pub l i ca t ion  Apr i l  10, 1978) 
ABSTRACT: The renormal iza t ion  group technique is used 
t o  c a l c u l a t e  t h e  d i f f e r e n c e  between Tc, t h e  nematic- 
i s o t r o p i c  t r a n s i t i o n  temperature and T* the  temperature 
a t  which t h e  r e c i p r o c a l  of t h e  l i g h t  s c a t t e r i n g  in ten-  
s i t y  ex t r apo la t e s  t o  zero.  The model f r e e  energy is  
the  Landau de  Gennes form. This ca l cu la t ion  g ives  re- 
s u l t s  which are i n  b e t t e r  agreement wi th  experiment 
than t h e  mean f i e l d  approximation r e s u l t s .  

The Landau de  Gennes second rank tensor  phenomenology 1 

q u a l i t a t i v e l y  p r e d i c t s  t h e  p r i n c i p l e  experimental  r e s u l t s  

f o r  nematic l i q u i d  c r y s t a l  systems. On c lose  examination 

however, one q u a n t i t a t i v e  discrepancy between t h e  theory and 

experiment is found t o  be much l a r g e r  than reasonably ex- 

pected.  It i s  customary t o  de f ine  T a s  the  nematic-isotro- 

p i c  phase t r a n s i t i o n  temperature.  The phenomenological 

theory conta ins  another  temperature commonly c a l l e d  T*, which 

i s  t h e  abso lu te  l i m i t  of s t a b i l i t y  of t h e  i s o t r o p i c  phase. 

The theory p r e d i c t s  t h a t  Tc T* and t h a t  % t h e  i n t e n s i t y  of 

l i g h t  s c a t t e r i n g  i n  the  i s o t r o p i c  phase is propor t iona l  t o  

1/(T - T*). The experimental  r e su l t '  f o r  Tc - T*, as de te r -  

mined by l i g h t  s c a t t e r i n g ,  is approximately l ° C  f o r  p-azoxy- 

a n i s o l e  (PAA). However, pointed out  by Shih e t  a l .  , any 

reasonable  choice  of parameters i n  t h e  phenomenological f r e e  

energy l eads  t o  va lues  more than 10 times a s  l a r g e .  

Maier-Saupe model4 a l s o  p r e d i c t s  f a r  too  l a r g e  a r e s u l t  f o r  

C 

3 

The 

Tc - T*. 

It was suggested i n  r e fe rence  3 t h a t  t h e  source  of t h e  

l a r g e  discrepancy may be t h a t  t he  mean f i e l d  approximation 
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224 R. G. PRIEST 

is used to  analyze the theo re t i ca l  models. These authors 

put forward a renormalization group ana lys i s  supporting an 

earlier hypothesis t h a t  the coherence length (and hence the 

l i g h t  s ca t t e r ing  in t ens i ty )  diverges a t  a temperature 

higher than T* . 
In  view of t h i s  development it seems worthwhile t o  con- 

s ide r  a renormalization group ana lys i s  of the de Gennes 

model t h a t  does not involve any spec ia l  hypotheses. In  an 

earlier publication5 a renormalization group analysis  of the 

de Gennes model i n  the  form: 
d 1  

F = / d  X [i ( r  QijQij i- vk Qij 'k Qij) 

- b Qij Qjk Qki + u (QijQij)* (1) 

- Hij Q i j l  
d w a s  reported. Here d x indicates  a functional i n t e g r a l  

i n  d dimensions over the tensor f i e l d  Q = Q(x). The tensor 

Q is 3 x 3,  symmetric and traceless. The quadratic co- 

e f f i c i e n t  r is l i n e a r  i n  the temperature T and the coeff i -  

c i e n t s  b, u and H are temperature independent. In  the iso- 

t ropic  state < Q > = 0. I f  H is  uniaxial ,  < Q > is diago- 
i j  

n a l  i n  the nematic s ta te  with < Q,, > = S, < Q22 ' = 
1 

7 s .  < Q3, 

technique.6 

f i e l d  approximation is exact for  d > 4. 

t i on  expansion about the solut ion f o r  d = 4. 
parameter is E = 4-d. 

group corresponds t o  a second order phase t r a n s i t i o n  with 

b = 0. 
so b w a s  t reated as a perturbation. 

tained w a s  an expression f o r  the equation of state i n  

scal ing form: 

The quant i ty  S is t h e  usual order parameter. 

The analysis  i n  reference 5 employed the  E expansion 

This method relies on the  f a c t  t h a t  the mean 

It is  a perturba- 

The small 

The fixed point of t he  renormalization 

The cubic coupling was  found to  be a "relevant" term 

One of the  r e s u l t s  ob- 
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RENORMALIZATION GROUP CALCULATION 225 

+4(1+X) I n  (l+X) + 6X I n  (2)-9(1+X) I n  31 

Here X = t/S1/B, 8 = 3+E, w = 1 + 7 ~ / 1 3  and 8=.5(1-3~/13) .  

The quan t i ty  t is the  reduced temperature t = (T-T*)/T*. 

The temperature T*- is  t h e  temperature a t  which t h e  second 

order  phase t r a n s i t i o n  would take  p lace  i f  b were zero. 

Therefore  T* r e t a i n s  i t s  s ign i f i cance  as the  temperature 

a t  which t h e  l i g h t  s c a t t e r i n g  i n t e n s i t y  would d iverge  i f  

t h e r e  were no cubic  coupling and hence no f i r s t  o rder  phase 

t r a n s i t i o n .  I n  der iv ing  Eq. (2) t he  ex te rna l  f i e l d  H w a s  

set t o  the  un iax ia l  form H 11 = H, 

- aF/BS. 

g r a t i n g  t h e  equat ion of state wi th  r e spec t  t o  S. 

t i o n s  t h a t  t h e  f r e e  energ ies  of t h e  i s o t r o p i c  and nematic 

states be equal and t h a t  t h e  f r e e  energy be a l o c a l  minimum 

wi th  r e spec t  t o  S can be expressed as: 

i j  
= = - - H. 

From genera l  thermodynamic arguments w e  know t h a t  H = 

The free energy may the re fo re  be found by i n t e -  

The condi- 

For f ixed  b these  equat ions are t o  be solved f o r  S = Sc and 

t = tc. 

tc = (Tc - T*)/T*. 

e x h i b i t s  Van d e r  Waals loops,  Eq. (3) may be viewed as a 

Maxwell cons t ruc t  ion. 

4 

The r e s u l t i n g  va lue  of t is then in t e rp re t ed  as 
Since t h e  equat ion of state, Eq. (2 ) ,  

C 

Of course the  c o e f f i c i e n t  b is unknown. However i t  is  

w e l l  known that Sc . 4 .  A reasonable  approach is to choose 

b such t h a t  Sc is equal t o  t h i s  experimental value.  

r equ i r e s  a numerical s o l u t i o n  of Eq. (3)  as a func t ion  of b. 

It is a l s o  d e s i r a b l e  t o  do t h i s  ca l cu la t ion  i n  t h e  mean f i e l d  

This  
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226 R. G. PRIEST 

approximation. It can be e a s i l y  ver i f ied  tha t  t h i s  is equiv- 

a l e n t  t o  s e t t i n g  E = 0 i n  Eq. (2) and using Eq. (3). The re- 
s u l t s  are given i n  Table 1. 

TABLE 1 

€ = l  E = 0 (mean f i e l d )  

sC 

tC 
b 

~~ ~ 

.4 .4 

,04283 .08 
,3819 .6 

-6.08 -5.0 dS 
d t  
Tc - T* 12.8O 24 O 

- 

dS 
d t  

A value of -5. f o r  t h i s  quantity corresponds t o  a 

The values f o r  - are included t o  show t h a t  reasonable values 

f o r  the v a r i a t i o n  of order parameter with temperature are ob- 

tained. 

few per cent per degree. 

case T* = 300OK. 

malization group resu l t  is  approximately one half  as la rge  

as  the  mean f i e l d  r e s u l t  while s t i l l  being too l a rge  i n  

comparison with experiment. 

f i e l d  r e s u l t  is however, encouraging. 

The values f o r  Tc = Iw a r e  f o r  the 

As can be seen from the tab le ,  the renor- 

The improvement over the mean 

I n  hopes of obtaining s t i l l  b e t t e r  r e s u l t s  there  are 

three aspects of t h i s  calculat ion t h a t  could be explored i n  

more d e t a i l .  F i r s t ,  the  cubic coupling b i s  t reated as a 
perturbation i n  the calculat ion of the  equation of state. 

Perhaps t h i s  is not adequate for  b - 113. 

expansion was wed t o  ca lcu la te  the  equation of state. For 

d < 1013 t h e  quint ic  (Q ) coupling becomes relevant.  Since 

the  E expansion is based a t  d = 4 it does not r e f l e c t  the  

quint ic  coupling. Third, the v a l i d i t y  of the  Maxwell con- 

s t ruc t ion  has never been examined i n  t h e  context of the re- 
normalization group. Unfortunately these are a l l  d i f f i c u l t  

Second the E 
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RENORMALIZATION GROUP CALCULATION 227 

po in t s  which may have t o  await f u r t h e r  progress  i n  t h e  

theory of phase t r a n s i t i o n s  f o r  c l a r i f i c a t i o n .  
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